Rado and Reichelderfer have developed in [5] a "general transformation formula" from which the classical formulas for the transformation of integrals can be derived. In [3] Craft extended this formula and Reichelderfer proved a transformation formula in 4.10 in [6] which extends Craft's result. Reichelderfer's formula applies not merely to Lebesgue integration in R n (as the earlier formulas did) but rather is proved in a measure-theoretic (quasi-topological) setting. Formula (1) is also an extension of Craft's result. The theorem (see 3.1 below) in which (1) is proved neither implies nor is implied by the theorem in 4.10 in [6] .
Thus the present paper is somewhat similar to [6] in purpose and spirit. For example, in this paper the concept of "weighing function" (the function 'W in (1) is a weighing function) is a generalization of the concept of multiplicity function discussed in [5] . The corresponding 230 ROBIN W. CHANEY role in [6] is played by the "weight function." In § 5, we explore certain relationships between weight functions and weighing functions.
Moreover, in 4.5, we establish a fundamental connection between the functions 'W and / appearing in (1) ; this theorem has as yet no analogue in the theory developed in [6] . 1* Standard hypotheses* The standard hypotheses for the present theory are denoted by A1-A6. These hypotheses are stated below.
Al. {S, SDΐ , μ) is a σ-finite, complete, positive measure space.
A2. {X, $1, v) is a σ-finite, complete, positive measure space.
A3. T is a function (transformation) from S onto X.
Al, A2, and A3 are respectively HI, H2, and H3 in 1 of [6] except for the notational change made in passing from H2 to A2.
A4. 33 is a σ-field of subsets B of S having the following properties. 33 is a subfamily of 2Ji and T33 = {TB: £e33} is a subfamily of 9ΐ. For each set M in 2JΪ there is a set B in 33 such that M^B and μB = μM.
It follows at once from Al and A4 that for each set M in 2JΪ there are sets B t and J5 2 in 33 such that B 1^M^B2 and μB 1 -μB 2 .
A5. 21 is a σ-field of subsets A of X having the following properties. 51 is a subfamily of 9ί and T" 1^ = {T~ιA: A e 21} is a subfamily of 33. For each set N in 9Ϊ there is a set A in 2ί such that N S A and vN = yA.
It follows at once from A2 and A5 that for each set N in 5ft there are sets A x and A 2 in 21 such that A t g i SΓ £ Λ and vA t = vA>. The proof is omitted. It resembles the proof of 2.13 in [6] . The following lemma is easy to check. LEMMA (1) T is ACW. Proof. That (2) implies (1) follows at once from the Radon-Nikodym Theorem. The other implications are obvious.
REMARK. NOW assume in addition that v TB = 0 whenever B is any set in 33 for which μB = 0. Then T is ACW if and only if T is BVW (Use (4) above.).
3* The transformation formula* A basic formula for the transformation of integrals is established in this section. The standard hypotheses A1-A6 are assumed throughout the section. THEOREM 
Assume that T is ACW and assume that f is a g.l.b.f. W. Assume that B is in 33 and that H is a real valued, W-measurable function defined on X. Suppose that either H'W{.,B) TRANSFORMATION OF INTEGRALS IN MEASURE SPACE 233 is v-integrable over X or that (Ho T)f is μ-integrable over B. Then \ H'W(.,B)dv = \
(HoT)fdμ.
JX Jϋ
Proof. The proof is quite similar to the proof of 4.10 in [6] . In fact, a careful study of the details of 4.7-4.10 of [6] reveals that, for the present discussion, it suffices to consider the case in which H is the characteristic function of some set N in 9^. Indeed it follows from A5 and 2.4 that we need only consider the case in which H is the characteristic function of a set in 31.
Thus assume that H is the characteristic function H Λ of the set A in 3ί. It follows from 2.5 that (Ho T)f is μ-integrable and that 4* A fundamental theorem* In this section a fundamental theorem is proved which gives a necessary and sufficient condition for an arbitrary nonnegative, real valued, μ-integrable function / to be a g.l.b.f.W for some weighing function 'W. This result is presented in Theorem 8.
1. We introduce a new standard hypothesis. AO. §X is a σ-field of subsets A of X having the following properties. 21 is a subfamily of $β and T~x% is a subfamily of 2ft. For each set N in K there is a set A in 2ί such that N £Ξ A and vN = vA. Also, © is a subfamily of 2K with the property that Γ© S 9i. Proof. Define &' to be the family of all sets A in SI for which vA = 0. By Al the set S can be expressed as the union of a countable number of sets M n , n^l, in 2Jϊ for which μM n < <χ>, n ^ 1. For each positive integer n let (£" be the family of all sets of the form T~ιA n M n where A is in &'. Each family g n is a subfamily of 2K. For each n^l set P n = sup{μikf: Me (£J and observe that P w g μΛT n < oo. For each n ^ 1 there is a sequence of sets A nm , m ^ 1, in <£' such that lim m ^(T-^rWJ = P n . Set 4* -\J n , m A nm . Then 4, is in (£' and //(Γ-1^ n Λf n ) = P Λ , w ^ 1. To see that ^4 Γ has the desired properties let iV be a set in 31 for which vN = 0. By A0 there is a set ^4 in SI such that N ^ A and v^4 = 0. For each n it is true that
Consequently μT~\A n C4f) = 0. According to Al, T~\N Γ) CA?) is in 972: and μT^NΠ CA t ) = 0. 
Hence for each M in 2JΪ there is by the Radon-Nikodym Theorem a nonnegative, real valued, Si-measurable function 'W f (.,M) defined on X such that v fM A = ί 'TΓ/., ikf)d(^ | SI) = f ' W>(., M)dy for every î n SI. Assert that 'W f is the desired weighting function for T. Clearly each function f W f (.,M) is 9ΐ-measurable (on X). Now fix G in ©. By A0 there is a set A in 31 such that CTGQ A and v(A Π TG) = 0. Hence
1^ n T~XCA T s T~\TG Π ^4 Π C^Γ) and since ^4 Γ is an essential T-set. Therefore 'TFX , G) = 0 a.e. v on CΓG. Next assume that the set ikf in 93ΐ is the union of a countable number of pairwise disjoint sets Mi in 2JΪ. For every A in 31 it is clear that
Thus 'Wf is a weighting function for Γ. Moreover if M is in 2ft then ί fdμ -ipr n Γ-1^) = v fκ Z = \ 'Wf(., M)dv .
J M jX
Finally we prove that the transformation formula holds for f W f and /. We first appeal to Definition 4 to deduce that f(s) = 0 a.e. μ on Γ"W whenever N is a set in 91 such that VJV -0. Then observe that if we employ arguments entirely similar to those required in 3.1 it becomes clear that we need only consider the case in which H is the characteristic function of a set A in SI. Thus fix M in 501 and let H be the characteristic function of the set A in 21. We have
(It must be emphasized that this transformation formula has been proved only for those particular weighting functions f W f which arise in this proof. We have not proved a full analogue of 3.1.) COROLLARY 
be an essential T-set. Let f be a nonnegative, real valued, μ-integrable function defined on S. Then there exists a weighing function r W f for T for whose weights f is a greatest lower bound function if and only if f(s) -0 a.e. μ on T"
X A T .
THEOREM 8. Assume A1-A5. Let fbe a nonnegative, real valued, μ-integrable function defined on S. Then there exists a weighing function 'W f for T for whose weights f is a greatest lower bound function if and only iff=Q
a.e. μ on Γ~W whenever N is any set in 5Ji for which vN -0.
The rest of the section is concerned with a "Lebesgue decomposition" theorem for weighing functions. Rather similar theorems for weight functions appear in [1] 5* Connection with earlier work* The relationship between the transformation theory of [6] and the theory just presented is discussed briefly in this section. The results in [6] are obtained in a setting which is established by imposing the standard hypotheses H1-H8 (see 1 of [6] ). Other hypotheses-denoted by H9-H15-are imposed in certain situations in [6] , Still others have been introduced in subsequent papers; one of these-HCl (see [2] )-is of particular interest in the present discussion. For if it is assumed that H1-H8 and HCl are in effect then it is easy to verify that A1-A5 are also satisfied; of course it is necessary to replace S' by X, W by 91, μ' by v, and 33' by 31 throughout the statements of H1-H8 and HCl. Hence if H1-H8 and HCl are assumed to hold then both of the theories apply. Thus within this context the concepts of weight function and weighing function can be compared. Moreover it is clear that if H1-H8 are in effect then A0-A3 hold, provided that one makes the replacements indicated above and puts © = SD.
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